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STLC

Simple types

τF ι | τ→ τBase types Function type

Typing

à la Church (intrinsic, ontological)
⋗ λxα.x : α→ α
⋗ syntax → typing → semantics
⋗ λCh→ F λ xα. λCh→ | λCh→ λCh→ | X

xαi : alpha Var cαj : alpha Const

u : β

λxα.u : α→ β Abstr
u : α→ β v : α

uv : β
App

à la Curry (extrinsic, semantical)
⋗ ` λx.x : α→ α
⋗ syntax → semantics → typing
⋗ λCu→ F Λ = λ x.Λ| Λ Λ | X

Term in context
x1 : α1, . . . ,xn : αn︸                    ︷︷                    ︸

Γ

` u : β

Base types Function type

Typing rules

Γ,x : α ` x : α
Ax

Γ ` u α→ β Γ ` v : α

Γ ` uv : β
→ E

Γ,x : α ` u : β

Γ ` λxα.u : α→ β → I
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Example

Examples
à la Curry à la Church
λx.x : α→ α λx.x : (α→ β)→ α→ β λxα.x : α→ α λxα→β.x : (α→ β)→ α→ β
λxy.x : α→ β→ α λxαyβ.x : α→ β→ α

Type Derivation

` λ f(β→γ)g(α→β)xα. f (g x) : (β→ γ)→ (α→ β)→ α→ γ
→ I
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Correspondence between typing à la Curry and à la Church

Lemmas
Let | · | : λCh→ → Λ ≡ λCu→ , i.e. type annotation erasing map
1 ∀U ∈ λCh→ . Γ `Ch U : τ ⇒ Γ `Cu |U| : τ
2 ∀U ∈ Λ ≡ λCu→ . Γ `Cu U : τ ⇒ ∃V ∈ λCh→ : Γ `Ch V : τ ∧ |V| ≡ U

Theorem
type is inhabited à la Curry ⇔ type is inhabited à la Church

Standard Problems
Type Checking ` U : τ?
Type Inference (assignment, synthesis) ` U : ?
Type Inhabitation ` ? : τ

⋗ All effectively solvable for STLC (both versions)
⋗ In à-la Curry typechecking is equivalent to type inference:

checking UV : τ? requires syntheses of V :?
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Properties

Lemma [inversion, generation]
⋗ Γ ` x : τ⇒ xτ ∈ Γ
⋗ Γ ` UV : τ⇒ ∃σ : Γ ` U : σ→ τ ∧ Γ ` V : σ

⋗ Γ ` λx .U : τ⇒ ∃σ, ρ : Γ,x : σ ` U : ρ ∧ τ ≡ σ→ ρ [Curry]
⋗ Γ ` λxσ.U : τ⇒ ∃ ρ : Γ,x : σ ` U : ρ ∧ τ ≡ σ→ ρ [Church]

Lemma [Subterms are typable]
V — subterm U then Γ ` U : τ ⇒ ∃Γ′, τ′ : Γ′ ` V : τ′

Context Lemmas

[Thinning]

∆ ⊆ Γ
∆ ` U : τ

}
⇒ Γ ` U : τ

[FV]

Γ ` U : τ⇒ FV(U) ⊆ Dom(Γ)

[Restriction]

Γ ` U : τ⇒ Γ|FV(U) ` U : τ

Example: we can prove that some (pre-)terms has no type

Γ ⊬ xx : τ ⊬ ω : τ ⊬ Ω : τ ⊬ Y : τ
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Lemma [substitution]
Γ,x : σ ` U : τ Γ ` V : σ

Γ ` U[x/V] : τ

Theorem [type preserving]

U↠β V ∧ Γ ` U : τ ⇒ Γ ` V : τ

Conclusion
λ→ is closed under β-reduction

NB: reverse is not true [β-reduction may lose some information]
⋗ β-reduction can turn untypable term into typable one:

⊬ ω (λx.y)ω→β y Γ = y : τ1 ` y : τ1 ⊬ (λx.y)ω : τ1

⋗ β-reduction can make type more general:

λx.λz.((λy.z)(zx)) : α→ (α→ β)→ (α→ β) →β λx.λz.z : α→ (τ→ τ)

Lemma [Type substitution]
Γ ` U : σ⇒ Γ[α/τ] ` U : σ[α/τ] [Curry] Γ ` U : σ⇒ Γ[α/τ] ` U[α/τ] : σ[α/τ] [Church]
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Curry–Howard Isomorphism (Correspondence)

Remind:Typing rules

Γ,x : α ` x : α
Ax

Γ ` u α→ β Γ ` v : α

Γ ` uv : β
→ E

Γ,x : α ` u : β

Γ ` λxα.u : α→ β → I

Let’s erase terms!

Γ, α ` α Ax
Γ ` α→ β Γ ` α

Γ ` β → E
Γ, α ` β

Γ ` α→ β → IModus ponens Hilbert’s Deduction
Theorem

Implicative part of Intuitionistic logic (Int→)

⋗ No excluded middle: ⊨ α ∨ ¬α
⋗ No Price law: ⊨ ((α→ β)→ α)→ α
⋗ No double negation: ⊨ α↔ ¬¬α
⋗ Is

√
2
√
2 irrational?

Γ ` f : β→ γ Ax
Γ ` g : α→ β Ax

Γ ` x : β
Ax

Γ ` g x : β
→ E

Γ ≡ f : β→ γ, g : α→ β, x : α ` f (g x) : γ
→ E

f : β→ γ, g : α→ β ` λ x. f (g x) : α→ γ → I

f : β→ γ ` λ gx. f (g x) : (α→ β)→ α→ γ → I

` λ fgx. f (g x) : (β→ γ)→ (α→ β)→ α→ γ → I
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⋗ No Price law: ⊨ ((α→ β)→ α)→ α
⋗ No double negation: ⊨ α↔ ¬¬α
⋗ Is

√
2
√
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Curry–Howard Isomorphism (Correspondence)

Programming Logic
Type Proposition
Term Prove

Type inhabitance Provability
Function type Implication

Pair Conjunction
Sum type Disjunction
Unit type True
Void False

Π-type ∀∑-type ∃
. . . . . .

Lemma 1 [Int→ ⇒ λ→]
If x1 : α1, . . . ,xn : αn `λCurry→

u : β

then α1, . . . , αn `Int→ β

Lemma 2 [λ→ ⇒ Int→]
If α1, . . . , αn `Int→ β
then ∃u,x1, . . . ,xn : x1 : α1, . . . ,xn : αn `λCurry→

u : β

Note: u is not unique here:

α, α ` α
α ` α→ α

` α→ (α→ α)
λx.λy.x : α→ α→ α
λx.λy.y : α→ α→ α

Which α?
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Intuitionistic Propositional Calculus

Hilbert’s propositional calculus

A→ (B→ A)[A1] (A→ (B→ C))→ ((A→ B)→ (A→ C))[A2]
A A→ B

B [MP]Axioms The Inference Rule

⋗ Classical logic: just add the Pierce law: ((A→ B)→ A)→ A
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More on Propositional Calculi

Theorem [Hilbert’s Deduction Theorem]

Γ,A `pc B ⇔ Γ `pc A→ B

Hence, PC ∼ Int→

KS-calculus
⋗ IPC ∼ CL→ (aka KS-calculus)

A→ (B→ A) (A→ (B→ C))→ ((A→ B)→ (A→ C))
A A→ B

A
K : α→ (β→ α) S : (α→ (β→ γ))→ ((α→ β)→ (α→ γ)) application

⋗ Terms: Tτ F vi | Kα,β | Sα,β,γ | Tα→β Tα

⋗ Reductions: Kα,βxαyβ → xα Sα,β,γxα→(β→γ)yα→βzγ → xz(yz) where x,y, z ∈ T
⋗ Interpretation of CL→ in λ→: Kλ→α,β ⇋ λxαyβ.x Sλ→α,β,γ ⇋ λx y z. x z (y z)

Theorem

M→CL→ N ⇒ Mλ→ ↠β Nλ→
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CL→ Properties

Theorem [Abstraction in CL→]

∀M ∈ CL→. ∀ var x : α. ∃ term λ∗xα.M s.t. x < FV(λ∗xα.M) and (λ∗xα.M)Nα ↠CL→ M[xα/Nα]

Proof: λ∗xα.xα ⇋ Sα,α→α,αKα,α→αKα,α (i.e. I ≡ SKK) λ∗xα.yβ ⇋ Kβ,αyβ
λ∗xα.(Mβ→γNγ)⇋ Sα,β,γ(λ∗xα.M)(λ∗xα.N)

Theorem [completeness]

∀M ∈ CL→, {x1, . . . ,xn} = FV(M) ∃ closed term (combinator) N : N x1 . . .xn ↠CL→ M
Proof: N = λ∗x1. . . . λ∗xn.M

Is there any difference between λ∗ and λ (abstraction in STLC)? YES!

M = M′ in CL→ ��ZZ⇒ λ∗x.M = λ∗x.N in CL→
Counterexample: K x K =CL x but there are two different normal forms:

λ∗x.K x K = S(S(KK)(S(KK)))(KK) λ∗x.x = SKK

Untyped CL
Two terms Equality Derivability Problem is undecidable

CL is a “simplest” system with so “simple” undesidable problem

Daniil Berezun Types 2022 12



CL→ Properties

Theorem [Abstraction in CL→]

∀M ∈ CL→. ∀ var x : α. ∃ term λ∗xα.M s.t. x < FV(λ∗xα.M) and (λ∗xα.M)Nα ↠CL→ M[xα/Nα]

Proof: λ∗xα.xα ⇋ Sα,α→α,αKα,α→αKα,α (i.e. I ≡ SKK)

λ∗xα.yβ ⇋ Kβ,αyβ
λ∗xα.(Mβ→γNγ)⇋ Sα,β,γ(λ∗xα.M)(λ∗xα.N)

Theorem [completeness]

∀M ∈ CL→, {x1, . . . ,xn} = FV(M) ∃ closed term (combinator) N : N x1 . . .xn ↠CL→ M
Proof: N = λ∗x1. . . . λ∗xn.M

Is there any difference between λ∗ and λ (abstraction in STLC)? YES!

M = M′ in CL→ ��ZZ⇒ λ∗x.M = λ∗x.N in CL→
Counterexample: K x K =CL x but there are two different normal forms:

λ∗x.K x K = S(S(KK)(S(KK)))(KK) λ∗x.x = SKK

Untyped CL
Two terms Equality Derivability Problem is undecidable

CL is a “simplest” system with so “simple” undesidable problem

Daniil Berezun Types 2022 12



CL→ Properties

Theorem [Abstraction in CL→]

∀M ∈ CL→. ∀ var x : α. ∃ term λ∗xα.M s.t. x < FV(λ∗xα.M) and (λ∗xα.M)Nα ↠CL→ M[xα/Nα]

Proof: λ∗xα.xα ⇋ Sα,α→α,αKα,α→αKα,α (i.e. I ≡ SKK) λ∗xα.yβ ⇋ Kβ,αyβ

λ∗xα.(Mβ→γNγ)⇋ Sα,β,γ(λ∗xα.M)(λ∗xα.N)

Theorem [completeness]

∀M ∈ CL→, {x1, . . . ,xn} = FV(M) ∃ closed term (combinator) N : N x1 . . .xn ↠CL→ M
Proof: N = λ∗x1. . . . λ∗xn.M

Is there any difference between λ∗ and λ (abstraction in STLC)? YES!

M = M′ in CL→ ��ZZ⇒ λ∗x.M = λ∗x.N in CL→
Counterexample: K x K =CL x but there are two different normal forms:

λ∗x.K x K = S(S(KK)(S(KK)))(KK) λ∗x.x = SKK

Untyped CL
Two terms Equality Derivability Problem is undecidable

CL is a “simplest” system with so “simple” undesidable problem

Daniil Berezun Types 2022 12



CL→ Properties

Theorem [Abstraction in CL→]

∀M ∈ CL→. ∀ var x : α. ∃ term λ∗xα.M s.t. x < FV(λ∗xα.M) and (λ∗xα.M)Nα ↠CL→ M[xα/Nα]

Proof: λ∗xα.xα ⇋ Sα,α→α,αKα,α→αKα,α (i.e. I ≡ SKK) λ∗xα.yβ ⇋ Kβ,αyβ
λ∗xα.(Mβ→γNγ)⇋ Sα,β,γ(λ∗xα.M)(λ∗xα.N)

Theorem [completeness]

∀M ∈ CL→, {x1, . . . ,xn} = FV(M) ∃ closed term (combinator) N : N x1 . . .xn ↠CL→ M
Proof: N = λ∗x1. . . . λ∗xn.M

Is there any difference between λ∗ and λ (abstraction in STLC)? YES!

M = M′ in CL→ ��ZZ⇒ λ∗x.M = λ∗x.N in CL→
Counterexample: K x K =CL x but there are two different normal forms:

λ∗x.K x K = S(S(KK)(S(KK)))(KK) λ∗x.x = SKK

Untyped CL
Two terms Equality Derivability Problem is undecidable

CL is a “simplest” system with so “simple” undesidable problem

Daniil Berezun Types 2022 12



CL→ Properties

Theorem [Abstraction in CL→]

∀M ∈ CL→. ∀ var x : α. ∃ term λ∗xα.M s.t. x < FV(λ∗xα.M) and (λ∗xα.M)Nα ↠CL→ M[xα/Nα]

Proof: λ∗xα.xα ⇋ Sα,α→α,αKα,α→αKα,α (i.e. I ≡ SKK) λ∗xα.yβ ⇋ Kβ,αyβ
λ∗xα.(Mβ→γNγ)⇋ Sα,β,γ(λ∗xα.M)(λ∗xα.N)

Theorem [completeness]

∀M ∈ CL→, {x1, . . . ,xn} = FV(M) ∃ closed term (combinator) N : N x1 . . .xn ↠CL→ M
Proof: N = λ∗x1. . . . λ∗xn.M

Is there any difference between λ∗ and λ (abstraction in STLC)? YES!

M = M′ in CL→ ��ZZ⇒ λ∗x.M = λ∗x.N in CL→
Counterexample: K x K =CL x but there are two different normal forms:

λ∗x.K x K = S(S(KK)(S(KK)))(KK) λ∗x.x = SKK

Untyped CL
Two terms Equality Derivability Problem is undecidable

CL is a “simplest” system with so “simple” undesidable problem

Daniil Berezun Types 2022 12



CL→ Properties

Theorem [Abstraction in CL→]

∀M ∈ CL→. ∀ var x : α. ∃ term λ∗xα.M s.t. x < FV(λ∗xα.M) and (λ∗xα.M)Nα ↠CL→ M[xα/Nα]

Proof: λ∗xα.xα ⇋ Sα,α→α,αKα,α→αKα,α (i.e. I ≡ SKK) λ∗xα.yβ ⇋ Kβ,αyβ
λ∗xα.(Mβ→γNγ)⇋ Sα,β,γ(λ∗xα.M)(λ∗xα.N)

Theorem [completeness]

∀M ∈ CL→, {x1, . . . ,xn} = FV(M) ∃ closed term (combinator) N : N x1 . . .xn ↠CL→ M
Proof: N = λ∗x1. . . . λ∗xn.M

Is there any difference between λ∗ and λ (abstraction in STLC)?

YES!

M = M′ in CL→ ��ZZ⇒ λ∗x.M = λ∗x.N in CL→
Counterexample: K x K =CL x but there are two different normal forms:

λ∗x.K x K = S(S(KK)(S(KK)))(KK) λ∗x.x = SKK

Untyped CL
Two terms Equality Derivability Problem is undecidable

CL is a “simplest” system with so “simple” undesidable problem

Daniil Berezun Types 2022 12



CL→ Properties

Theorem [Abstraction in CL→]

∀M ∈ CL→. ∀ var x : α. ∃ term λ∗xα.M s.t. x < FV(λ∗xα.M) and (λ∗xα.M)Nα ↠CL→ M[xα/Nα]

Proof: λ∗xα.xα ⇋ Sα,α→α,αKα,α→αKα,α (i.e. I ≡ SKK) λ∗xα.yβ ⇋ Kβ,αyβ
λ∗xα.(Mβ→γNγ)⇋ Sα,β,γ(λ∗xα.M)(λ∗xα.N)

Theorem [completeness]

∀M ∈ CL→, {x1, . . . ,xn} = FV(M) ∃ closed term (combinator) N : N x1 . . .xn ↠CL→ M
Proof: N = λ∗x1. . . . λ∗xn.M

Is there any difference between λ∗ and λ (abstraction in STLC)? YES!

M = M′ in CL→ ��ZZ⇒ λ∗x.M = λ∗x.N in CL→
Counterexample: K x K =CL x but there are two different normal forms:

λ∗x.K x K = S(S(KK)(S(KK)))(KK) λ∗x.x = SKK

Untyped CL
Two terms Equality Derivability Problem is undecidable

CL is a “simplest” system with so “simple” undesidable problem
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Outline for section 3

1 Simply Typed Lambda Calculus (STLC; λ→)
Syntax; à la Curry; à la Church
Properties

2 Curry–Howard Isomorphism
Intuitionistic Proposition Logic Int→
Curry–Howard Isomorphism
Hilbert’s Propositional Calculus
KS-calculi

3 STLC
Strong Normalization
Type Inference
Robinson’s Unification Algorithm
Set-Theoretic Semantics

4 Polymorphism
System F
Hindley–Milner Type System
Barendregt’s Lambda Cube
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STLC: Strong normalization

Definition [computable terms] [⇋ Comp]
⋗ α = p u ∈ CompP⇔u ∈ SN
⋗ α = σ→ τ u ∈ Compσ→τ⇔∀v ∈ Compσ : uv ∈ Compτ

Lemma 1

(a) u ∈ Compτ ⇒ u ∈ SN
(b) u ∈ Compτ ∧ u→β u′ ⇒ u′ ∈ Compτ

(c) u : τ,u . λ . . .
∀u′.(u→ u′ ⇒ u′ ∈ Compτ)

}
⇒ u ∈ Compτ

Lemma 2

∀v ∈ Compσ. u[x/v] ∈ Compτ ⇒ λx.u ∈ Compσ→τ

Lemma 3
FV(u) ⊆ {xσ11 , . . . ,x

σn
n }

∀i.vi ∈ Compσi

}
⇒ u[x1/v1, . . . ,xn/vn] ∈ Compτ

Theorem [Strong Normalization]

u : τ⇒ u ∈ Compτ [
def⇒ u ∈ SN]

Theorem [STLC: WN + CR]
∀u ∃!u0 ∈ NF : u =β u0
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Type Inference: Principal Type

Definition [principal (most general type)]
τ is most general type of a term in context Γ if both
⋗ Γ ` u : τ

⋗ Γ ` u : τ′ ⇒ τ′ = σ(τ) where
σ is a type substitution that does not affect types from context Γ

Example
⋗ ` λx.λy.x : α1 → α2 → α1 α1 B β, α2 B γ β→ γ → β — ok
⋗ x : α ` x : α α B β→ γ x : α ` x : β→ γ — not ok

Lemma
Γ ` u : β and substitution σ doesn’t affect primitive types (constants) from Γ
then Γ ` u : σ(β)

Theorem [Type inference is possible]
Term u is typable in context Γ then exist the principal type u in context Γ and an
efficient algorithm of its inference
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Type Inference: Unification

Rule Equations

Γ,x : α ` x : r r ≈ α

Γ ` u : r2 Γ ` v : r3
Γ ` uv : r1 r2 ≈ r3 → r1

Γ,x : r2 ` u : r3
Γ ` λx.u : r1 r1 ≈ r2 → r3

Definition [Unifier]

A unifier for equation system

α1 ≈ β1
. . .
αn ≈ βn

is a substitution σ : ∀i. σ(αi) = σ(βi)

Example
r1 → (r2 → r3) ≈ (r4 → r5)→ r6
r1 B α→ α
r6 B α→ α
r2,3,4,5 B α
(α→ α)→ (α→ α)

Definition [Most General Unifier; MGU]
MGU is a unifier σ0 : ∀σ′—unifier ∃µ — substitution s.t. σ′ = µ ◦ σ0

(i.e. σ′(β) = µ(σ0(β)))

⋗ MGU ↔ principal type
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Type Inference: Robinson’s algorithm

Lemma
σ is a unifier for Σ = r ≈ A,Σ′ and r doesn’t contain A iff

σ = σ′ ◦ [r/A] where σ′ is a unifier for Σ′[r/A]

Robinson [MGU for Σ]
Type variables: constants (p1, . . . ,pn) and variables (r1, . . . , rn)

1 A ≈ A then remove
2 A1 → A2 ≈ B1 → B2 then replace it with pair A1 ≈ B1, A2 ≈ B2
3 pi ≈ B(or B ≈ pi) where B — “constant”, , pi or →-type then fail
4 rj ≈ B(or B ≈ rj) where B contains but not equal to variable rj then fail
5 rj ≈ B(or B ≈ rj) where B doesn’t contain var rj then recursive call with Σ′ B Σ[rj/B]
If Σ[rj/B] is unifiable (robinson(Σ[rj/B]) = σ′0) then σ0

Lemma
B σ′0 ◦ [rj/B] unifies Σ

More over σ0 is MGU: for some unifier σ

σ
Lemma
= σ′ ◦ [rj/B] = τ ◦ σ′0 ◦ [rj/B]

def σ0= τ ◦ σ0

since σ′0 is MGU for Σ[rJ/B]

⋗ Why does it terminate?
Criteria Number of vars Number of → Number of ≈
Priority 0 1 2
Case (5) (2) (1)
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STLC: Set-Theoretic Semantics

Domains
⋗ base type p 7→ Dp ⋗ Dσ→τ = (Dσ → Dτ) = DDσ

τ

Terms
⋗ Vars: θ : xσ 7→ θx ∈ Dσ — evaluation function
⋗ Interpretation of terms: [[u]]θ ∈ Dτ where τ is a type of u

1 [[x]]θ = θ(x)
2 [[uv]]θ = [[u]]θ([[v]]θ)
3 [[λx.u]]θ = f : Dσ → Dτ where x : σ,u : τ f : a 7→ [[u]]θ′ θ′(y) =

{
θ(y) y , x
a y = x

Note:
u : τ⇒ [[u]]θ ∈ Dτ

Theorem [correctness]

u =β v⇒ ∀θ. [[u]]θ = [[v]]θ

What about
completeness?

∀θ. [[u]]θ = [[v]]θ
?⇒ u =β v

completeness?: counterexample

u = λxα.(yα→βx) : α→ β
v = y
u ,β v

[[u]]θ = f : α 7→ [[yx]]θ[x/a]
def
= f : a 7→ θ(y)︸︷︷︸

||
[[y]]

θ[x/a]

(a) = [[v]]θ
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Theorem [correctness]

u =β v⇒ ∀θ. [[u]]θ = [[v]]θ

What about
completeness?

∀θ. [[u]]θ = [[v]]θ
?⇒ u =β v

completeness?: counterexample

u = λxα.(yα→βx) : α→ β
v = y
u ,β v

[[u]]θ = f : α 7→ [[yx]]θ[x/a]
def
= f : a 7→ θ(y)︸︷︷︸

||
[[y]]

θ[x/a]

(a) = [[v]]θ
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βη

Definition [η-reduction]
λx.(ux)→η u, x < FV(u)

Properties →βη
⋗ CR
⋗ WN, SN
⋗ Type preserving
⋗ Interpretation preserving
⋗ CR + WN ⇒ ∃! βη–NF

Lemma

u,v − βη −NF, u , v ⇒ ∃θ : [[u]]θ , [[v]]θ

Theorem [completeness]

(∀D, θ. [[u]]θ = [[v]]θ)⇒ u =βη v

Lemma [extensionality]
x–fresh, ux =βη vx⇒ u =βη v
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STLC: Conclusion

v Very simple

v Type checking and type inference are decidable

x Limited: no recursion!

⋗ Some function are typable not by type but by type schemes

Example: id ≡ λx.x is typing by type scheme {τ1 → τ1}τ1 is a simple type
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Outline for section 4

1 Simply Typed Lambda Calculus (STLC; λ→)
Syntax; à la Curry; à la Church
Properties

2 Curry–Howard Isomorphism
Intuitionistic Proposition Logic Int→
Curry–Howard Isomorphism
Hilbert’s Propositional Calculus
KS-calculi

3 STLC
Strong Normalization
Type Inference
Robinson’s Unification Algorithm
Set-Theoretic Semantics

4 Polymorphism
System F
Hindley–Milner Type System
Barendregt’s Lambda Cube
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System F (aka λ2)

τF α | τ→ τ | ∀α.τ
eF x | λ x . e | e1 e2 | Λ α . e | e α

Typing Rules
x : τ ∈ Γ
Γ ` x : τ

[Var] Γ ` e1 : τ1 → τ2 Γ ` e2 : τ1
Γ ` e1e2 : τ2

[App] Γ,x : τ1 ` e : τ2
Γ ` λx.e : τ1 → τ2

[Abs]

Γ ` e : ∀α.τ2
Γ ` eτ1 : τ2[α/τ1]

[TApp] Γ ` e : τ
Γ ` Λα.e : ∀α.τ [TAbs]

STLC

Examples

3 ≡ Λα.λxα.λfα→α.f(f(f(x))) : ∀α.α→ (α→ α)→ α id ≡ Λα.λxα.x : ∀α.α→ α
id(∀α.α→ α) : (∀α.α→ α)→ (∀α.α→ α)
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System F: Disadvantages

What about Most General Type?
⋗ Consider λx.xx

x : ∀α.α→ α ` x : t→ t
x : ∀α.α→ α ` x : (t→ t)→ (t→ t)
x : ∀α.α→ α ` xx : (t→ t)

` λx.xx : (∀α.α→ α)→ (∀β.β→ β)
⋗ Is it the most general type?

NO!

` λx.xx : (∀α.(α→ α)→ (α→ α))→ (∀β.(β→ β)→ (β→ β))

⋗ Essence: (∀r.ξ)→ (∀t.η)
• specification of η makes type more general
• specification of ξ makes type more concrete

⋗ Example: squaring function

dup = λf.λx.f (f x) : ∀γ.(γ → γ)→ (γ → γ)
But not ∀ρ.ρ→ ρ

Type Annotations Type Checking Type Inference
Yes Straightforward Undecidable
No Undecidable Undecidable
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Hindley–Milner

Idea: Separate mono- from poly- morphic types
Also add type constructors

Terms

e = x Var
| e1 e2 App
| λ x . e Abs
| let x = e1 in e2 Let

Types
mono τ = α Type vars

| C τ1 . . . τn Type Constructor
poly∗ σ = τ

| ∀α . σ
∗ aka type schemes

Examples

C = { Map2, Int0, ->2, . . .}
Map String Int
Int -> Int
∀α. Map α Int -> [(α, Int)]
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Hindley–Milner: Typing Rules

Typing Rules
x : σ ∈ Γ
Γ ` x : σ

[Var] Γ ` e1 : τ1 → τ2 Γ ` e2 : τ1
Γ ` e1e2 : τ2

[App] Γ,x : τ1 ` e : τ2
Γ ` λx.e : τ1 → τ2

[Abs]

Γ ` e : σ α < FV(Γ)
Γ ` e : ∀α.σ [Gen]

Γ ` e1 : σ Γ,x : σ ` e2 : δ
Γ ` let x = e1 in e2 : δ

[Let] Γ ` e : σ′ σ′ v σ
Γ ` e : σ

[Inst]

Mono types!

STLC

Type scheme

Example: let id = λx.x in id : ∀α.α→ α
x : α ∈ {x : α}
x : α ` x : α

[Var]
` λx.x : α→ α [Abs]

α < FV(∅)
` λx.x : ∀α.α→ α [Gen]

id : ∀α.α→ α ∈ {id : ∀α.α→ α}
id : ∀α.α→ α ` id : ∀α.α→ α

[Var]

` let id = λx.x in id : ∀α.α→ α
[Let]

Alternative syntax:
(1) x : α ` x : α [Var] x : α ∈ {x : α}
(2) ` λx.x : α→ α [Abs] (1)
(3) ` λx.x : ∀α.α→ α [Gen] (2), α < FV(∅)
(4) id : ∀α.α→ α ` id : ∀α.α→ α [Var] id : ∀α.α→ α ∈ {id : ∀α.α→ α}
(5) ` let id = λx.x in id : ∀α.α→ α [Let] (3), (4)
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Instantiation

Γ ` e : σ′ σ′ v σ
Γ ` e : σ

[Inst]

Examples
∀α. α→ α v Int -> Int
∀α. α→ α v ∀β. β→ β

∀αβ. α→ β→ α v Int -> Bool -> Int

Instantiation (Specialization) formally
σ v δ if ∃ substitution S = {αi/τi} : σ = S ◦ δ = δ[S] = δ[{αi/τi}]

τ′ = τ[{αi/τi}] βi < FV(∀α1 . . .∀αn.τ)
∀α1 . . .∀αn.τ v ∀β1 . . .∀βm.τ′

⋗ v is a partial order
⋗ Principal type exists
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let-polymorphism

Γ ` e1 : σ Γ, x : σ ` e2 : τ
Γ ` (let x = e1 in e2) : τ

[Let]

⋗ Example:
let double f z = f (f z) in

(double (λ x . x+1) 1, double (λ x . not x) false)
> :: (Int , Bool) = (3, false)

⋗ Note, the following is not typing in Hindley–Milner system:
(λ double . ( double (λ x . x+1) 1

, double (λ x . not x) false) )
(λ f z . f (f z))
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Hindley–Milner: To Take Away

v Let-polymorphism
v Type-inference is decidable (pretty the same way as in STLC)
v Is a foundation for type systems in Haskell and ML
⋗ Extensions may break type inference decidability in Haskell:

• GADT
• RankNTypes (≈ System F)
• . . .

⋗ Just for fun: try in GHCi!

f a b c d = (a, b, c, d)
p1 = (f, f, f, f)
p2 = (p1, p1, p1, p1)
p3 = (p2, p2, p2, p2)
p4 = (p3, p3, p3, p3)
p5 = (p4, p4, p4, p4)
p6 = (p5, p5, p5, p5)
p7 = (p6, p6, p6, p6)
p8 = (p7, p7, p7, p7)
-- p9 = (p8, p8, p8, p8)
-- . . .
ghci> :t p8
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Barendregt’s Lambda Cube

λω (Fω;
System Fω)

λΠω (λPω; λC;
Calculus of constructions)

λ2
(System F )

λΠ2 (λP2)

λω (System Fω) λΠω (λPω)

λ→
(STLC)

λΠ (λP )

Po
ly

Type constru
cto

rs

Dependent types
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Questions?
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